The Dixmier-Moeglin equivalence for cocommutative Hopf algebras of
  finite Gelfand-Kirillov dimension by Bell, Jason P. & Leung, Wing Hong
ar
X
iv
:1
40
3.
71
90
v1
  [
ma
th.
RA
]  
27
 M
ar 
20
14
THE DIXMIER-MOEGLIN EQUIVALENCE FOR
COCOMMUTATIVE HOPF ALGEBRAS OF FINITE
GELFAND-KIRILLOV DIMENSION
JASON P. BELL AND WING HONG LEUNG
Abstract. Let k be an algebraically closed field of characteristic zero and let
H be a noetherian cocommutative Hopf algebra over k. We show that if H has
polynomially bounded growth then H satisfies the Dixmier-Moeglin equivalence.
That is, for every prime ideal P in Spec(H) we have the equivalences
P primitive ⇐⇒ P rational ⇐⇒ P locally closed in Spec(H).
We observe that examples due to Lorenz show that this does not hold without
the hypothesis that H have polynomially bounded growth. We conjecture, more
generally, that the Dixmier-Moeglin equivalence holds for all finitely generated
complex noetherian Hopf algebras of polynomially bounded growth.
1. Introduction
The Dixmier-Moeglin equivalence is a fundamental result in the representation
theory of enveloping algebras of finite-dimensional Lie algebras. Generally speak-
ing, the problem of finding the irreducible representations of an algebra is a very
difficult and sometimes intractable problem. As part of a program to deal with
this issue, Dixmier proposed that one should first find the kernels of irreducible
representations—these are called primitive ideals of the algebra and they form a
distinguished subset of the prime spectrum. This would at least provide a rough
classification of the equivalence classes of the irreducible representations. This ap-
proach has been very fruitful in the study of enveloping algebras and their represen-
tations. The problem of characterizing the primitive ideals of enveloping algebras
of finite-dimensional complex Lie algebras was solved completely by Dixmier [3]
and Moeglin [15]. In this case, we have the following equivalence.
Theorem 1.1. Let L be a finite-dimensional complex Lie algebra and let P be a
prime in Spec(U(L)). Then the following are equivalent:
(1) P is primitive;
(2) {P} is locally closed in Spec(R);
(3) P is rational.
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We recall that a set is locally closed in a topological space if it is of the form
X \ Y , for some closed subsets X and Y of the ambient set; in the case that the
set we are considering is a singleton {x}, we will say that x is locally closed rather
than writing {x} is locally closed. A prime P of a noetherian algebra A is rational
if the centre of the artinian ring of quotients of A/P is an algebraic extension of
the base field. (Some authors insist that the centre in fact be a finite extension of
the base field, although the property is most commonly considered when dealing
with algebras over an algebraically closed base field, and there is no distinction
in this case.) The centre of the artinian ring of quotients of a prime noetherian
algebra R is called the extended centroid of R, and we denote it by C(R). Thus
we see that the Dixmier-Moeglin equivalence gives both a topological and a purely
algebraic characterization of the annihilators of simple modules.
In general, any noetherian algebra with the property that (1)–(3) are equivalent
for all prime ideals of the algebra is said to satisfy the Dixmier-Moeglin equivalence.
To be precise, we give the following definition.
Definition 1.2. Let R be a noetherian algebra. We say that R satisfies the
Dixmier-Moeglin equivalence if for every P ∈ Spec(R), the following properties are
equivalent:
(A) P is primitive;
(B) P is rational;
(C) P is locally closed in Spec(R).
Since the work of Dixmier and Moeglin, the Dixmier-Moeglin equivalence has
been shown to hold for many classes of algebras, including many quantized coor-
dinate rings and quantized enveloping algebras, algebras that satisfy a polynomial
identity, and many algebras that come from noncommutative projective geometry
[6, 2, 18, 1]. The Dixmier-Moeglin equivalence is known not to hold in general,
however. Even in the case of noetherian cocommutative Hopf algebras (of which en-
veloping algebras of finite-dimensional Lie algebras form an important subclass),
it is known that the Dixmier-Moeglin equivalence need not hold. For example,
Lorenz [10] constructed a polycyclic-by-finite group whose complex group algebra
is primitive but with the property that (0) is not locally closed in the prime spec-
trum. While the Dixmier-Moeglin equivalence need not hold in general it is known
that one always has the implications (C) =⇒ (A) =⇒ (B) for algebras satisfy-
ing the Nullstellensatz; in particular, this holds for countably generated complex
noetherian algebras (c.f. [2, II.7.16] and [11, Prop. 6]).
It is interesting to note that the Dixmier-Moeglin equivalence has been shown
to hold for large classes of Hopf algebras—aside from the original work of Dixmier
and Moeglin on enveloping algebras, it has been shown to hold for certain group
algebras [20], for many quantum algebras [6], and for a large class of Hopf algebras
of Gelfand-Kirillov dimension two [7]. As pointed out earlier, Lorenz [10] has shown
that the Dixmier-Moeglin equivalence does not hold in general for Hopf algebras,
but we point out that his counter-example has exponential growth.
We quickly recall that for a finitely generated algebra A over a field k, if one
lets V ⊆ A be a finite-dimensional subspace of A that contains 1 and generates A
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as an algebra, then we have the containment
V ⊆ V 2 ⊆ V 3 ⊆ · · · .
We can thus create a growth function, gV : N → N defined by gV (n) = dimk(V
n).
We recall that A has polynomially bounded growth if there is some d > 0 such
that gV (n) = O(n
d). It is straightforward to show that the notion of polynomial
bounded growth is independent of choice of generating subspace V (c.f. Krause
and Lenagan [8, Lemma 1.1]) and in the case that A has polynomially bounded
growth, the infimum of all d > 0 for which gV (n) = O(n
d) is called the Gelfand-
Kirillov dimension of A. If A does not have polynomially bounded growth the
Gelfand-Kirillov dimension is infinite. If there exists a constant C > 1 such that
gV (n) > C
n for all n sufficiently large then we say that A has exponential growth—
again, this definition is independent of our choice of generating subspace V . Finally,
an algebra having neither polynomially bounded nor exponential growth is said to
have intermediate growth.
We note that enveloping algebras of finite-dimensional Lie algebras, group alge-
bras of finitely generated nilpotent groups, and the Hopf algebras considered by
Goodearl and Letzter [6] all have polynomially bounded growth. In light of this
work, we make the following conjecture.
Conjecture 1.3. Let H be a finitely generated complex noetherian Hopf algebra
of finite Gelfand-Kirillov dimension. Then H satisfies the Dixmier-Moeglin equiv-
alence.
We are able to prove the conjecture in the special case that the Hopf algebra H
is cocommutative. More specifically, we prove the following result.
Theorem 1.4. Let H be a cocommutative noetherian Hopf algebra over an al-
gebraically closed field k of characteristic zero. If H has finite Gelfand-Kirillov
dimension then H satisfies the Dixmier-Moeglin equivalence.
For the basic background on Hopf algebras, including relevant terminology along
with some of the important theory, we refer the reader to the excellent book of
Montgomery [16]. Let H = (H,m, u,∆, ǫ, S) be a Hopf algebra with multiplication
m, comultiplication ∆, unit µ, counit ǫ, and antipode S. We recall that H is
cocommutative if τ ◦ ∆ = ∆ where τ : H ⊗ H → H ⊗ H is the linear map that
sends a⊗ b to b⊗ a for all a, b ∈ H . Two of the main examples of cocommutative
Hopf algebras are enveloping algebras of Lie algebras and group algebras. As noted
earlier, the Dixmier-Moeglin equivalence was first shown to hold for enveloping
algebras of finite-dimensional Lie algebras. Zalesski˘ı [20] showed that the Dixmier-
Moeglin equivalence holds for group algebras of finitely generated nilpotent groups.
Both of these classes of algebras have finite Gelfand-Kirillov dimension. Theorem
1.4 can thus be seen as a unification of these two results, although we rely heavily
on already established results for enveloping algebras in our proof. The strategy of
the proof is to first show that cocommutative noetherian Hopf algebras satisfy the
Nullstellensatz. As remarked earlier, it then only remains to show that (C) implies
(A), where (A) and (C) are as in Definition 1.2. We prove this by studying the
ideals in the enveloping algebra generated by the primitive elements of H under
the action of the grouplike elements of H .
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2. Cocommutative Hopf algebras of polynomially bounded growth
In this section we review the basic results about cocommutative Hopf algebras
and we show that the Nullstellensatz holds for such algebras.
We recall that if k is a field and A is a k-algebra and H = (H,m, u,∆, ǫ, S) is
a Hopf k-algebra, then a Hopf action of H on A is a linear map φ : H ⊗ A → A
that satisfies
φ(h⊗ (ab)) =
∑
φ(h(1) ⊗ a) · φ(h(2) ⊗ b),
where, in Sweedler notation, ∆(h) =
∑
h(1) ⊗ h(2). We use the more compact
notation h · a to denote φ(h ⊗ a). In the case that H is the group algebra of a
group G, ∆(g) = g ⊗ g for g ∈ G and this definition coincides with the ordinary
notion of a group action on an algebra. Given a k-algebra with a Hopf k-algebra H
acting upon it, we can create a k-algebra A#H , which is called the smash product
of A and H . As a k-vector space, A#H is spanned by elements of the form a#h,
where a ∈ A and h ∈ H . We then have the relations:
(1) (a+ λb)#h = (a#h) + λ(b#h) for a, b ∈ A, λ ∈ k, and h ∈ H ;
(2) a#(h+ λh′) = (a#h) + λ(a#h′) for a ∈ A, λ ∈ k, and h, h′ ∈ H ;
(3) (a#h) · (b#h′) =
∑
(a · (h(1) · b))#h(2)h
′ for a, b ∈ A and h, h′ ∈ H .
In the case that H is a group algebra that acts upon A, we will write ag instead
of writing a#g for a ∈ A and g ∈ G. Also, we will write ag for g · a, and so
we have ga = agg in A#k[G]. We recall a well-known result on the structure of
cocommutative Hopf algebras over fields of characteristic zero.
Proposition 2.1. Let k be an algebraically closed field of characteristic zero and
let H be a noetherian cocommutative Hopf algebra of finite GK dimension over k.
Then H = U(L)#k[G], where L is a finite-dimensional Lie algebra over k and
G is a finitely generated nilpotent-by-finite group that acts on L as Lie algebra
automorphisms.
Proof. By a result of Kostant (see Sweedler [19, §13.1]), if H is a pointed cocommu-
tative Hopf algebra over a field of characteristic zero, then H is the smash product
of the enveloping algebra of a Lie algebra L with a group algebra of a group G that
acts on L via Lie algebra automorphisms. We note that since k is algebraically
closed and H is cocommutative, H is pointed. If, in addition, H has finite GK di-
mension, then U(L) and k[G] must too, as they are subalgebras of H ; in particular,
L must be finite-dimensional [8, Theorem 6.8] and by Gromov’s theorem G must
have the property that every finitely generated subgroup is nilpotent-by-finite [8,
Theorem 10.1]. If H is noetherian then by a standard faithful flatness argument,
we see that k[G] is also noetherian since H is a free right k[G]-module. Since k[G]
is noetherian, G is finitely generated, since the poset of subgroups of G embeds in
the poset of left ideals of k[G], via the map K 7→
∑
x∈K k[G](x− 1). Hence G is a
finitely generated nilpotent-by-finite group. The result follows. 
We recall that a k-algebra A is said to satisfy the Nullstellensatz if each simple
left A-module M has the property that the ring of A-module endomorphisms of
M is algebraic over k and if each prime homomorphic image of A has trivial
Jacobson radical. We next show that a large class of smash products satisfy the
Nullstellensatz. It is conjectured that a group algebra is noetherian if and only
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if the underlying group is polycyclic-by-finite. The following result gives evidence
that if one takes the smash product of an algebra satisfying the Nullstellensatz
with a noetherian group algebra then the resulting algebra should again satisfy
the Nullstellensatz. This result is mostly due to McConnell [13, Theorem 4.5] and
is well-known.
Proposition 2.2. Let k be an algebraically closed field, let R be a noetherian k-
algebra that satisfies the Nullstellensatz, and let G be a polycyclic-by-finite group
that acts on R as k-algebra automorphisms. Then R#k[G] is noetherian and sat-
isfies the Nullstellensatz.
Proof. Since G is polycyclic-by-finite we have a chain
{1} = G0 ⊆ G1 ⊆ · · · ⊆ Gm = G
with each Gi normal in Gi+1 and each Gi+1/Gi cyclic. This chain of subgroups
gives rise to a chain of subalgebras
R = R0 ⊆ R1 ⊆ · · · ⊆ Rm = R#k[G]
such that, for each i, either Ri+1 ∼= Ri[x, x
−1; σ] or Ri+1 is a finite free normalizing
extension of Ri.
Suppose that either R#k[G] does not satisfy the Nullstellensatz or that it is
not noetherian. Then there is some smallest i for which at least one of these two
properties does not hold for Ri. By assumption, i > 0. If Ri ∼= Ri−1[x, x
−1; σ]
then by [13, Theorem 4.5], Ri satisfies the Nullstellensatz; it is also noetherian by
virtue of being a skew Laurent extension of a noetherian ring. If, on the other
hand, Ri is a finite free normalizing extension of Ri−1 then Ri is noetherian and
has the Jacobson property [14, 9.1.3]. A result of Formanek and Jategaonkar [5,
Theorem 4] gives that ifM is a simple Ri-module, then, if we regardM as an Ri−1-
module, it is completely reducible of finite length. It follows that EndRi−1(M) is
a finite direct product of matrix algebras over k by hypothesis on Ri−1 and k.
Consequently, EndRi−1(M) is algebraic over k, and hence so is EndRi(M), being a
subalgebra of EndRi−1(M). Thus in either case we have that Ri is noetherian and
satisfies the Nullstellensatz, a contradiction. The result follows. 
We note that the hypothesis that the base field be algebraically closed is not
necessary to show that R#k[G] is noetherian in Proposition 2.2. We recall that if R
is a noetherian algebra that satisfies the Nullstellensatz then for each P ∈ Spec(R)
we have the implications
(C) =⇒ (A) =⇒ (B),
where (A), (B), and (C) are as in Definition 1.2 (see Brown and Goodearl [2,
II.7.15]). This fact and Proposition 2.2 show that it is sufficient to consider the
implication (B) =⇒ (C) in obtaining the Dixmier-Moeglin equivalence for co-
commutative Hopf algebras of finite Gelfand-Kirillov dimension. We consider this
implication in the next section.
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3. (B) =⇒ (C)
In this section we show that (B) implies (C) for cocommutative Hopf algebras
of finite Gelfand-Kirillov dimension, where (B) and (C) are as in Definition 1.2.
We first recall a useful result of Letzter’s, which helps one deal with algebras that
are finite free modules over algebras satisfying the Dixmier-Moeglin equivalence.
Theorem 3.1. (Letzter [9]) Let R ⊆ S be noetherian algebras and suppose that S
is a finite free R-module on both sides. Then the following hold:
(i) (A) =⇒ (B) for P ∈ Spec(R) ⇐⇒ (A) =⇒ (B) for P ∈ Spec(S);
(ii) (B) =⇒ (A) for P ∈ Spec(R) ⇐⇒ (B) =⇒ (A) for P ∈ Spec(S);
(iii) if S has finite GK dimension then:
(A) =⇒ (C) for P ∈ Spec(R) ⇐⇒ (A) =⇒ (C) for P ∈ Spec(S),
where (A), (B), and (C) are as in Definition 1.2.
Our next result deals with algebraic groups acting rationally on an algebra. We
recall that an affine algebraic group G acts rationally on a k-algebra A if A can
be written as a directed union of finite-dimensional G-invariant subspaces with
the property that for each such invariant subspace V , the natural map from G
to GL(V ) is a morphism of algebraic varieties. We refer the reader to the book
of Brown and Goodearl [2, II.2.6] for further details. The following lemma is a
consequence of standard results.
Lemma 3.2. Let G be an affine algebraic group that acts rationally on a noetherian
algebra A, let H be a subgroup of G and let H denote the Zariski closure of H in G.
If I is a two-sided ideal of A. Then I is H-invariant if and only if I is H-invariant.
Proof. If I is H-invariant then I is clearly also H-invariant. Conversely, suppose
that I is H-invariant and let a1, . . . , ad be generators for I. Then since G acts
rationally on A, there is a finite-dimensional G-invariant vector subspace W of A
that contains a1, . . . , ad. Since I is H-invariant and W is G-invariant, we have
that I ∩W is H-invariant. A standard result (see [4, Proposition 2.10]) gives that
the stabilizer of I ∩ W in G is Zariski closed. Since this stabilizer contains H ,
it must therefore also contain H . Thus g · ai ∈ I for every g ∈ H and for every
i ∈ {1, . . . , d}. It follows that I is H-invariant. 
The next result shows that a dichotomy appears when we look at prime homo-
morphic images of a smash product of an artinian algebra with the group algebra
of a finitely generated nilpotent group. Namely, the homomorphic image is either
simple, or it has a large centre and every nonzero ideal must intersect the centre
non-trivially. This result has some relation to a “polycentrality” result of Roseblade
and Smith [17, Theorem 11.3.1].
Proposition 3.3. Let k be a field, let B be an artinian k-algebra, and let G be
a finitely generated nilpotent group. If A = (B#k[G])/P is a semiprime homo-
morphic image of B#k[G] then every nonzero ideal of A intersects the centre of A
non-trivially.
Proof. We let
G = Gm ⊇ Gm−1 ⊇ · · · ⊇ G0 = {1}
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be the upper central series of G and let Ai denote the image of B#k[Gi] in A for
i = 0, . . . , m. By Proposition 2.2, we see that each Ai is noetherian. We claim that
each Ai is in fact semiprime. To see this, we note that since P is a semiprime ideal
of B#k[G], P is an intersection of prime ideals of B#k[G] and hence P∩(B#k[Gi])
is an intersection of G-prime ideals of B#k[Gi]. Since G-prime ideals of noetherian
algebras are semiprime, we have that each Ai is a semiprime noetherian ring.
We next claim that if J is a nonzero G-stable ideal of Ai for some i ∈
{0, 1, . . . , m} then J ∩ Z(A) is nonzero. Taking i = m then gives the desired
result. We argue by induction on i. If i = 0 then J is a nonzero ideal of A0. Since
A0 is semprime and is a homomorphic image of B, we see that A0 is a semisimple
artinian ring. Since J is G-stable, we see that J is a direct sum of a G-stable col-
lection of Wedderburn components of B. Taking the sum of the identity matrices
in these components then gives a nonzero element in J ∩ Z(A). We now suppose
that the claim holds whenever i < d and consider the case when i = d.
We let I be a G-stable ideal of Ad. Fix a transversal {gλ}λ∈Λ for Gd−1 in Gd
such that gλ0 = 1 for some λ0 ∈ Λ. Given x ∈ Ad, we may write
(3.1) x =
∑
λ∈Λ
bλ(x)gλ
with each bλ(x) ∈ Ad−1 and all but finitely many bλ(x) equal to zero. This expres-
sion is not in general unique, since we are considering elements modulo P . For
each x ∈ Ad, we define the length of x to be the quantity
(3.2) L(x) := inf #{λ ∈ Λ: bλ(x) 6= 0},
where the infimum is taken over all expressions for x of the form given in Equation
(3.1). We note that L(x) > 0 unless x = 0.
Let D = inf{L(x) : x ∈ I \ {0}} and let J denote the collection of all elements
of the form bλ0(x) where x ranges over all elements of I that have length at most
D and we only take the bλ0(x) appearing in an expression where the infimum in
Equation (3.2) is realized. Then J is a nonzero ideal of Ad−1. (By right multiplying
an element x ∈ I by an appropriate element of G, we can always obtain an element
y ∈ I of the same length with bλ0(y) 6= 0.) Moreover, we have that J
g = J . To see
this, observe that if b ∈ J is nonzero, then there is some nonzero x ∈ I that has
an expression
x = b+
D∑
j=2
bjgµj
for some µ2, . . . , µD ∈ Λ \ {λ0} and b2, . . . , bD ∈ Ad−1. We note that for g ∈ G and
λ ∈ Λ, we have
ggλ = [g, g
−1
λ ]gλ ∈ Ad−1gλ.
Then x− xg ∈ I and
x− xg = (b− bg) +
D∑
j=2
(bj − b
g
j [g, g
−1
µj
])gµj ,
and so L(x− xg) ≤ D and thus b− bg ∈ J . It follows that J = Jg.
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By the inductive hypothesis, there is some nonzero z ∈ J that is central in A.
Moreover, by definition of J we have that there is some nonzero y ∈ I such that
y = z +
D∑
i=2
cigνi
for some ν2, . . . , νD ∈ Λ \ {λ0} and c2, . . . , cD ∈ Ad−1. Then for g ∈ G we have
y − yg =
∑D
i=2(ci − c
g
i [g, g
−1
νi
])gνi, and so L(y − y
g) < D and y − yg ∈ I. By
minimality of D, we see that yg = y for every g in G. Similarly, if r ∈ A0 then
L(yr− ry) < D and so we see that ry− ry = 0 for all r ∈ A0. Since A is generated
by A0 and the image of G in A, we see that y is central. The result now follows
by induction.

Corollary 3.4. Let k be an algebraically closed field and let R be a prime noether-
ian k-algebra that satisfies the Nullstellensatz and the Dixmier-Moeglin equivalence
and let G be a finitely generated nilpotent-by-finite group that acts on R. Suppose
that there is a finitely generated k-vector space V of R such that V generates R
as a k-algebra and V g = V for all g ∈ G. Then if R has finite Gelfand-Kirillov
dimension then R#k[G] satisfies the Dixmier-Moeglin equivalence.
Proof. Since R satisfies the Nullstellensatz, so does R#k[G] by Proposition 2.2.
Let N be a nilpotent subgroup of G of finite index. Note that R#k[G] is a finite
free module over R#k[N ]. We also note that R#k[G] has finite Gelfand-Kirillov
dimension. To see this let W ⊆ k[G] be a finite-dimensional k-vector space that
contains 1, is spanned by elements of G, and that generates k[G] as a group. Then
U := V +W generates R#k[G] as a k-algebra. By assumption, WV = VW and
so Un ⊆ (k + V )nW n and so dim(Un) ≤ dim((k + V )n) · dim(W n). Since R has
finite Gelfand-Kirillov dimension and since G is nilpotent-by-finite, we see that
both dim((k+V )n) and dim(W n) are polynomially bounded functions of n and so
R#k[G] has finite Gelfand-Kirillov dimension. Thus by Theorem 3.1, we see that
R#k[G] satisfies the Dixmier-Moeglin equivalence if and only if R#k[N ] satisfies
the Dixmier-Moeglin equivalence. Thus we may assume without loss of generality
that G is nilpotent.
Since R#k[G] satisfies the Nullstellensatz, it is sufficient to show that if P is
a prime ideal of R#k[G] and the extended centroid of (R#k[G])/P is equal to k
then the set of height one prime ideals in R#k[G]/P is finite. Let P be a prime
ideal of R#k[G] and suppose that the extended centroid of (R#k[G])/P is equal
to k. Let Q = P ∩ R and let G denote the Zariski closure of the image of G in
GL(V ). Then G is an affine algebraic group that acts rationally on R (see the
book of Brown and Goodearl [2, II.2.6] for relevant definitions) and by Lemma
3.2 Q is a G-prime of R and consequently Q is a semiprime ideal of R. Since the
extended centroid of (R#k[G])/P is equal to k, we see that the G-invariants of
the extended centroid of R/Q is also equal to k and in particular the G-invariants
of the extended centroid of R/Q is also k.
In particular, Q is a G-rational prime ideal of R. By a result of Lorenz [11,
Theorem 1] there is a surjection from the set of rational prime ideals of R onto the
set of G-rational ideals of R given by J 7→ γ(J) :=
⋂
g∈G J
g and hence there is a
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rational prime J of R such that γ(J) = Q. Since R satisfies the Dixmier-Moeglin
equivalence, we see that J is locally closed in Spec(R) and thus by another result of
Lorenz [12, Theorem 1] we have Q = γ(J) is locally closed in the G-spectrum of R.
Let S = R/Q. Then T := R#k[G]/P may be regarded as a prime homomorphic
image of S#k[G] with the property that the composition of the natural map from
S to S#k[G] and the natural surjection from S#k[G] to T is injective. Henceforth,
we identify S with its image in T . It follows if U is the set of height one prime
ideals of T that intersect S non-trivially then the intersection of U is nonzero as it
contains the intersection of the nonzero G-primes of S, which is nonzero since Q
is locally closed in the G-spectrum of R.
Let T denote the set of height one primes of T that intersect S trivially. Then
the set of prime ideals in T survives in the localization of T obtained by inverting
the regular elements of S, which is a prime homomorphic image of Q(S)#k[G].
Since Q(S) is semiprime artinian, By Proposition 3.3, this localization either has
a non-trivial centre or it is simple. Since T has extended centroid equal to k, we
see that T must be empty. Thus if T has an extended centroid that is algebraic
over k then S ∪ T must be finite and so P is locally closed in Spec(R#k[G]). 
We may now deduce our main result from Corollary 3.4.
Proof of Theorem 1.4. By Proposition 2.1, we have that H = U(L)#k[G], where
L is a finite-dimensional Lie algebra and G is a nilpotent-by-finite group with
Lg = L ⊆ U(L) for all g ∈ G. Since U(L) satisfies the Nullstellensatz [14, Corollary
9.4.22], by Corollary 3.4, H satisfies the Dixmier-Moeglin equivalence. 
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